Three new observables for Z-factory are proposed and investigated. As those observables employed at LEP-I, the new observables depend on the real and imaginary parts of the weak dipole moment of τ lepton (d τ w ) linearly, thus the slopes (the linear coefficients of the dependence) are calculated precisely and it is shown that the slopes are much lager than those employed at LEP-I. It means that the signal of the weak dipole moment d τ w may be enhanced quite a lot, if one employs the new observables to measure it. Being superior to those at LEP-I, we recommend measuring the weak dipole moment d τ w by the new observables at future a possible Z-factory even when re-analyzing the data of LEP-I.
I. INTRODUCTION
The weak dipole moment of τ lepton, d
τ w merges in the Zτ − τ + coupling, so the most sensitive place to observe it is at an e + e − collider and running at cent-of-mass energy √ s = m Z i.e. a Z-factory. At born level of Standard Model (SM), the dipole is zero, but high order corrections may make it nonzero. However, in fact, the prediction of SM is that it far below the present experiment sensitivity. Thus a sizable nonzero signal of d τ w will be an ambiguous indication for new physics beyond SM, and the weak dipole moment d τ w is also to parameterize a kind of the CPviolating effects relevant to τ lepton and Zboson. It is known that in many models * xuqingjun@hznu.edu.cn † zhangzx@itp.ac.cn beyond SM [1, 2] such CP-violation effects are proportional to the mass of τ . Therefore, it is sensible that to observe d τ w , the weak dipole moment of τ lepton, further, i.e., to re-analyze the data of LEP-I with certain improvements, and to prepare methods well ready for observing it in a new high luminosity e + e − collider running at cent-of-mass energy √ s = m Z . Indeed such a new collider is considered to be built now. Since d τ w may offer some information on the CP-violation beyond CKM phase, it is for sure that the precise measurement of the dipole moment must help to search for new physics beyond SM.
There were some investigations on observing the weak dipole moment d τ w at LEP-I by means of CP-odd observables [3] [4] [5] . The CPodd observables are constructed by the unit momenta of the decay products of τ + and τ − and their mean values were found to be proportional to the real part of the weak dipole moment d τ w . In their way, the flying directions of τ decay products are used for the measurement, but without any information about the momenta and spins of τ leptons. Whereas two optimal observables, which depend on the direction and the spin of τ leptons, were employed in ref. [6] , so both the real and imaginary parts of d τ w were measured. The differential cross sections with different spins of τ leptons, as well as a asymmetry, which depend on the directions of τ leptons and their products, were investigated in refs. [7, 8] . Based on these theoretical consideration, the weak dipole moment d τ w were measured by the ALEPH, OPAL and L3 collaborations at LEP-I [6, [9] [10] [11] [12] [13] [14] . As a result and example of the experimental observations, a bound on d
was reached by the ALPEH collaboration in 2003 [14] , In this paper we will investigate three kinds of observables describing the asymmetries relating to T-odd and T-even operators. In order to eliminate the SM contribution, the induced observables are constructed by adding up the asymmetries related to particles and their antiparticles etc. Furthermore, phase space of τ production processes are divided into two parts for the purpose of enhancing the signal of these observables. Hence these new-constructed observables are free from SM contribution and can be expressed as the linear functions of the real and imaginary parts of the weak dipole moment d τ w . Their slope coefficients, i.e. the dependence on the couplings of Z to leptons, the kinematics of processes, as well as the decay modes of τ leptons, are calculated numerically. In comparison with observables employed at LEP-I, it is shown that the new observables reflecting the asymmetries are much more sensitive to the real and imaginary parts of the weak dipole moment d τ w than those employed at LEP-I. The paper is organized as following. In section II three new kinds of observables are constructed, and important properties of them are pointed out. Observables employed at LEP-I are reviewed in section III. In section IV, the precise numerical values for the slope coefficients of the new observables, as well as those employed at LEP-I, are presented, and comparisons with that of previous observables are made. Brief discussions and conclusion are put at the end of this section.
II. NEW OBSERVABLES SENSITIVE TO THE WEAK DIPOLE MOMENT d τ w
A kind of CP-violating effects in process e + e − → τ + τ − at Z-pole are parameterized by the weak dipole moment d τ w of the τ lepton, the lagrangian for Zτ + τ − vertex can be written as
where
k is the momentum of the gauge boson Z.
are vector and axial vector couplings of gauge boson Z to charged leptons in the SM, respectively, s w = sin θ w , c w = cos θ w , where θ w is the weak mixing angle. Here it is assumed that the interaction of Z-boson to electron is that as predicted by SM exactly.
Firstly we consider the process
at Z-pole, where a andb are mesons originating from τ − and τ + decays, respectively. The relevant Feynman diagram for this process is that in FIG. 1 are 4−momenta of particles a,b and neutrinos ν τ ,ν τ in final state respectively. In this paper later on we will denote p as the 3−momentum of e − beam, p τ − as the 3−momentum of outgoing τ − , q − and q + as the 3−momenta of final particles a andb respectively. Moreover, the reference frame here is chosen such that the incoming e − beam is along with the z−axis, and the momentum of the outgoing τ − is in the x − z plane, and the angel θ τ − is determined by the two momenta p τ − and p as cos see FIG.3 in the Appendix). The amplitude for the process is expressed as
Here G is the Fermi coupling constant, χ Z µν is the propagator of gauge boson Z:
Γ Z is the total decay width of gauge boson Z and k = p 1 + p 2 is the four momentum of Z, i.e. k 2 = s where √ s is the cent-of-mass energy. Moreover,
where Γ τ is the total decay width of τ leptons, are the propagators of leptons τ − and τ + respectively. In the expression, the weak hadronic current J 
where f π is the decay constant of π, f ρ is the decay constant of ρ, V ud is the CKM matrix element, ε is the polarization vector of ρ.
When we shift to consider pure leptonic decays for τ in final state instead, namely, the process
at Z-pole, where a and b are leptons. The corresponding amplitude for the process has the same form as that in eq. (5), but with different expressions for J a α and Jb β ,
The differential cross section of processes in eq. (4) and eq. (9) is expressed as
dLips 2→n is the phase space of 2 → n processes, n = 4 for processes in eq. (4), n = 6 for process in eq. (9). |M ab 1 | 2 is the amplitude squared averaging over spins of initial states and summing over spins of final states.
The observable, relating concerned asymmetry, which involves only the unit momenta of the final particles a andb may be defined as follows:
where the cross section σ ab 1 (+) and σ ab 1 (−) are defined as It is necessary to consider the CPconjugated processes for eq.(4) and eq. (9):
and
The amplitude for eq. (13), M bā 1 , can be obtained by the following replacements,
The corresponding differential cross section dσ bā 1 is calculated similarly to dσ ab 1 , see eq. (11) . The observable which is analogous to that in eq. (12) is defined as
where σ bā 1 (+) and σ bā 1 (−) are expressed as following
It is found that in sum of A ab 1 and A bā 1 the SM contribution is canceled. Thus we may define a new general observable as follows:
It is proportional to the weak dipole moment d 
where the slope coefficients f 1 and g 1 are dimensionless and can be calculated numerically.
Note that these coefficients f 1 and g 1 for observable A 1 are quite small that it is almost impossible to 'pick up' the signal from backgrounds experimentally. Fortunately, the observable A 1 has a character, that it, approximately, varies as a trigonometric function sin(cos θ τ − ), so it seems that this property may be applied to the measurement of the weak dipole moment via constructing the observables so as to increase the sensitivity (to enhance the signals). Indeed the property can be applied to enhance the signals and the precise by introducing some new observables, for which the relevant phase space according to cosθ τ − > 0 and cosθ τ − < 0 are divided into two pieces. Such as the cross sections σ ab 1 for the processes in eq. (4) and eq. (9) are divided as below:
We define the observables A ab 1 (+) and A ab 1 (−):
. (18) In a similar way, the observables A 
In order to cancel the SM contributions, new observables are defined further as follows:
Moreover, a new type of observable, which will greatly enhance the signal, is constructed,
It depends on the real and imaginary parts of the weak dipole moment d τ w linearly:
where the coefficients f Another new observable, which is expected to be more sensitive to the imaginary part of the weak dipole moment, is defined by a Teven operator (q + +q − ) ·p:
where the cross sections σ 
The observable A ab 2 has the similar properties as A ab 1 , i.e. the SM contribution is zero when a and b are same type of particles, while when the type of particle a is different from that of particle b, the SM does contribute to this observable. Whereas if we add A ab 2 and A bā 2 together, the SM contribution is canceled. The new observable is proportional to the weak dipole moment d τ w and can be expressed as a linear function of its real and imaginary parts:
The slope coefficients f 2 and g 2 are dimensionless and can be evaluated from the theoretical calculation.
Once the processes
are considered and the momenta of τ − and τ + are well measured in them. In the first process the particle a denotes a meson, while in the second process it denotes a proper lepton. The diagrams for the first process and its CP-conjugated process are put in FIG. 2 Feynman diagrams for processes e − e + → aν τ τ + (left) and e − e + → τ −āν τ (right).
can be written as
and the expression here for the weak hadronic current J a α can be found in eq. (8) or eq.(10). The corresponding CP-conjugated processes to eq.(25)
. (27) are also investigated. The relevant amplitude can be expressed:
where the definition for Jā β is that in eq. (8) or eq.(10). The differential cross sections dσ a 3
and dσā 3 can be calculated in terms of the matrix element M a 3 and Mā 3 , respectively. One more new observable, which depends on both the unit momenta of τ − and τ + and their decay products, can be defined:
is the unit momentum of τ − , Note that the SM does contribute to the observable A a 3 and Aā 3 , but according to the CP property of processes in eq.(25) and eq.(27), one may conclude that the SM contribution in A a 3 + Aā 3 is canceled, and similar discussions can be found in ref. [15] . Thus the new general observable can be defined and again it depends on the real and imaginary parts of weak dipole moment d τ w linearly:
Here f 3 and g 3 are dimensionless coefficients, which can be determined numerically from theoretical calculations. Note that these slope coefficients f 3 , g 3 for observable A 3 are so small that it is nearly impossible to make difference between the signal and the background, similar to the case of observable A 1 . Following the technique dealing with A 1 , we separate the phase space into two parts: cosθ τ − > 0 and cosθ τ − < 0. To investigate the observable A a 3 by dividing the phase space, the total cross sections σ a 3 for processes in eq.(25) are then divided into four parts, 
Similarly observables Aā 3 (+) and Aā 3 (−) relating to the processes in eq.(27) are defined
σā 3 (++), σā 3 (+−), σā 3 (−+) and σā 3 (−−) are listed in the following,
To cancel the SM contribution, the general observables are defined as following,
A new type of observable which will greatly enhance the signal are constructed,
which can be expressed as a linear function as the real and imaginary parts of the weak dipole moment d τ w ,
the dimensionless coefficients f 
± , respectively. These new observables are found to be proportional to the real and imaginary parts of the weak dipole moment d τ w , with slope coefficients dependent on the SM coupling of gauge boson Z to leptons, the kinematics of processes and the decay modes of τ leptons. These coefficients can be calculated numerically for different decay products of τ − and τ + . Once these new-constructed observables are measured, the real and imaginary parts of the weak dipole moment d τ w can be extracted by solving these equations in eqs. (22,24,36) .
III. THE OBSERVABLES EMPLOYED BY LEP-I FOR MEASURING d τ w
To determine the weak dipole moment d τ w at Z−pole, several observables and methods are employed at LEP-I. In this section some of the observables used at LEP-I are reviewed briefly.
In refs. [3] [4] [5] , the CP-odd tensor observables, which are constructed by the momenta or unit momenta of the decay products of τ + and τ − : 
The values of the coefficients f LEP and g LEP corresponding to the different decay modes of τ − and τ + leptons were obtained by simulation and presented in Table 4 of ref. [6] . Note that the advantage of the chosen observables is that both of the real and imaginary parts of the weak dipole moment d τ w can be determined, while only real part of d τ w is measured by employing operators in eq.(37). Moreover, choices of the observables can optimize the signal-to-background ratio in the measurements [6] .
In ref. [7] the following observables relating to τ decay products were defined
where the cross section σ a sc (+), σ a sc (−), σā sc (+) and σā sc (−) expressed as
. (42) Here Φ a and Φā are defined in FIG.3 
A genuine CP-violating observable is defined
which can be expressed as the linear function of the real part of the weak dipole moment d
Here f sc is the dimensionless coefficients which depends on different decay modes of τ leptons and can be calculated numerically.
Note that the OPAL and L3 collaboration did employ this observable to measure the weak dipole moment of the τ lepton at LEP-I [12, 13] . The latest bound on the real part and imaginary part of d τ w were determined by the ALPEH collaboration in 2003 [14] . This measurement was based on the method of maximum likelihood fit to the date, taking into account the differential cross section with different spins of τ leptons, including spin correlation. The differential cross section of e − e + → τ − τ + can be expressed as [8, 14] 
Here R µν terms are functions of fermion couplings to gauge boson Z and the θ τ − . The SM contribution is separated from the non-SM contribution by defining
Note that the non-SM part of (R µν ) ± are linear functions of the weak magnetic diploe moment and weak electric dipole moment d τ w .
IV. NUMERICAL RESULTS

AND DISCUSSIONS
In this paper we focus on measurements of d τ w , the weak dipole moment of τ -lepton, at an e + e − collider, which runs at Z-boson pole. Since at such a high energy collider, the produced τ andτ gain a great momentum i.e. a great Lorentz boost, the momenta of the leptons may be well-measured with a fine vertex detector. Thus we propose new observables in eq. The amplitudes for production and decays of τ lepton pair at e − e + colliders at Z−pole are calculated using the package FeynArts [16] and FormCalc [17, 18] . New-constructed observables defined in eq. Secondly, let us focus the observable A CP sc defined in eq.(43), which was employed by OPAL and L3 collaborations at LEP-I [12, 13] . It is proportional to the real part of weak dipole moment d τ w and the corresponding coefficient f sc is calculated and listed in TABLE I. Furthermore, the so-called optimal T-even and T-odd operators in eq.(39) which are used to measure the CP-violating effects in process Z → τ − τ + by the OPAL collaboration [6] , are also concerned here. Their expectation values are proportional to the real part and imaginary part of d 
